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Abstract

The inverse scattering series (ISS) can achieve all seismic processing objectives di-
rectly without requiring any subsurface information. There are isolated task-specific
subseries that derived from the ISS, which can perform free-surface multiple removal,
internal multiple removal, depth imaging, parameter estimation, and Q compensation.
Fach isolated subseries assumes that only one task is performed. In this report, we will
focus on the parameter estimation subseries and reduce it to a 1D normal incidence
wave on a 1D acoustic earth where a single measured pressure wave is the input data.
Under that very limited and focused circumstance, we are examining the difference
between the iterative linear inverse and the direct inverse represented by the ISS pa-
rameter estimation subseries. A direct comparison is realizable in this specific example.
The iterative approach shown in this example doesn’t incorporate practical issues, e.g.,
the numerical noise and the different generalized inverses at each step. However, the
ISS method performs as it does in practice with an analytic and unchanged inverse
at every step. The comparison tests their convergence and the rate of convergence for
different velocity contrasts. The rate of convergence of the ISS inversion method is
analytically and numerically studied. When the reflection coefficient R < 0.618, the
ISS inversion subseries monotonically term-by-term improves the estimation of medium
properties; when R > 0.618, the ISS inversion subseries still converges, but not mono-
tonically. Numerical tests show that when the velocity contrast is small, both inversion
methods converge and the ISS inversion method converges faster than the iterative in-

version method. When the velocity contrast increases, the iterative inversion method



can not be computable and the ISS inversion method always converges. Therefore,
for the simplest situation, the iterative linear inversion is not equivalent to the ISS
direct non-linear solution. For more complicated circumstances, the difference is much

greater, not just on the algorithms, but also on data requirements.

1 Introduction

The objective of seismic inversion is to estimate the medium properties of the subsurface from
the recorded wavefield at the surface. Inversion methods can be classified as a direct method
or an indirect method. A direct inversion method can solve an inverse problem (as its name
suggests) directly depending on the algorithm and its data requirements without searching or
model matching. On the other hand, an indirect inversion method solves the inverse problem
through indirect ways (Weglein, 2015a): (1) model matching, (2) objective/cost functions,
(3) searching algorithms, (4) iterative linear inversion, and (5) methods corresponding to
necessary but not sufficient conditions, e.g., common image gather flatness. For example, a
quadratic equation ax?+bx +c = 0 can be solved through a direct method as z = %@,
or it can be solved by an indirect method searching for z such that (az® + bz + ¢)? is a

minimum.

A direct inverse solution for parameter estimation can be derived from an operator identity
that relates the change in a medium’s properties and the commensurate change in the wave-
field. This operator identity is a general inversion methodology and can accommodate any
model-type, for example, acoustic, elastic, anisotropic, heterogeneous, inelastic. The direct
inverse solution is in the form of a series, referred to as the inverse scattering series (Weglein
et al., 2003). It can achieve all processing objectives within a single framework without
requiring any subsurface information. There are isolated-task inverse scattering subseries
derived from the ISS, which can perform free-surface multiple removal, internal multiple
removal, depth imaging, parameter estimation, and Q compensation. The direct inverse
solution (Weglein et al., 2003; 2009) provides a solid framework and firm math-physics foun-
dation for the data requirements and algorithms to solve the inverse problem. For an elastic
heterogeneous medium, Zhang and Weglein (2006) shows that the direct inverse requires

multi-component/PS (P-component and S-component) data and prescribes how that data
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are utilized for a direct parameter estimation solution.

In this paper, we focus on analyzing and examining the ISS inversion subseries for parameter
estimation. The distinct issues of: (1) data requirements, (2) model-type, and (3) inversion
algorithm for the direct inverse are all important (Weglein, 2015b). For a normal incident
wave on a single horizontal reflector in an acoustic medium, we can isolate and focus on
the algorithmic difference when mode-type agrees and there is the same data, a single re-
flector and acoustic P wave. Under that very limited and focused circumstance, a direct
comparison is realizable and the iterative approach doesn’t incorporate practical issues, e.g.,
the numerical noise and the different generalized inverses at each step. However, the ISS
method performs as it would in practice with an analytic and unchanged inverse at every
step. The numerical results show a comparison between the ISS direct non-linear inversion
and the iterative inversion (Yang and Weglein, 2015) on a 1D one parameter model with a
single horizontal reflector, where the velocity is assumed to be known above the reflector and
unknown below the reflector. Their convergence and the rate of convergence will be discussed
and studied. In the ISS inversion subseries, each term of the series works towards the final
goal. Sometimes when more terms in the series are included, the estimation may be worse
locally, but in fact it is purposeful and essential in the contribution towards convergence and
the final goal. This property has also been indicated by Carvalho (1992) in the free-surface
multiple elimination subseries, e.g., what appears to make a second-order free-surface mul-
tiple larger with a first-order free-surface algorithm is actually preparing the second-order
multiple to be removed by the higher-order terms. This simple example provides a guide

when we move on to the more complicated elastic world.

The report is arranged as follows: First, the ISS direct inversion method is discussed. Second,
the direct inversion is presented in the 2D heterogeneous elastic medium. Third, the ISS
direct inversion and the iterative linear inversion are examined and compared in a 1D acoustic

medium. Finally, we offer a discussion and conclusions.



2 Theory

The direct inverse solution (Weglein et al., 2003; Zhang, 2006) is derived from the operator
identity that relates the change in a medium’s properties and the commensurate change in
the wavefield. Let Lg, Gy, L, and G be the differential operators and Green’s functions for

the reference and actual media, respectively, that satisty:
L()GO =0 and LG = (5,

where 0 is a Dirac d-function. We define the perturbation operator, V', and the scattered

wavefield, 1, as follows:

V=L—L and v, =G — G,.

2.1 The operator identity

The relationship (called the Lippmann-Schwinger or scattering theory equation)
G =Gy+ G)VE (1)
is an operator identity that follows from
L t'=Ly '+ Ly (Lo — L)L
For forward modeling the wavefield, GG, for a medium described by L is given by
L—G or Ly V-G

where the second form has L entering the modeling algorithms in terms of Ly and V. Model-

ing using scattering theory requires a complete and detailed knowledge of medium properties.

2.2 Direct forward series and direct inverse series

The operator identity equation 1 can be solved for G as

G = (1—GoV) Gy, (2)



or
G=Go+G)VGy+GVG VG + ... . (3)

Equation 3 has the form of a generalized geometric series

G—G[):S:ar+ar2+‘~-:1a_rr, (4)
where we identify a = G and r = VG in equation 3, and
S=5+S+8+.... (5)
The portions of S that are linear, quadratic, ... in r are:
S1 = ar,
Sy = ar?,

and the sum is

Solving equation 6 for r, produces the inverse geometric series,

B S/a _ 2 3
r_m—S/a—(S/a) + (S/a)”+ ...
=ri1+rot+rs+....

This is the simplest prototype of an inverse series, i.e., the inverse of the geometric series.

For the seismic inverse problem, we associate S with the measured data
S = (G — Go)ms = Data,

and the forward and inverse series follow from treating the forward solution as S in terms of

V', and the inverse solution as V' in terms of S. The inverse series assumes

V=Vi+Va+Vi+..., (7)



where V}, is the portion of V that is n'* order in the data. The identity (equation 1) provides
a geometric forward series rather than a Taylor series. In general, a Taylor series doesn’t have
an inverse series; however, a geometric series has an inverse series. All conventional current
mainstream inversion methods, including iterative linear inversion and FWI, are based on
a Taylor series concept. Solving a forward problem in an inverse sense is not the same as

solving an inverse problem directly.

In terms of the expansion of V in equation 7, and Gy, G, D = (G — Gg)ms, the inverse

scattering series (Weglein et al., 2003) can be obtained as

GoViGy =D, (8)
GoVaGo = — GoV1GoViGo, (9)
GoV3Go = — GoV1GoViGoViGo

— GoV1GoVaGy — G VoG Vi G, (10)

The inverse scattering series provides a direct method for obtaining the subsurface informa-
tion by inverting the series order-by-order to solve for the perturbation operator V', using

only the measured data D and a reference Green’s function Gy, for any type of medium.

2.3 The operator identity in a 2D heterogeneous elastic medium

The method for a 2D elastic heterogeneous earth is exemplified. The starting point for the
3D generalization is found in Stolt and Weglein (2012). The 2D elastic wave equation for a

heterogeneous isotropic medium (Zhang, 2006) is

Lﬁ:(;ﬁ) and I:(iS):(?S), (11)

where u, f,, and f, are the displacement and forces in displacement coordinates and ¢p, ¢g

and FT, IS are the P and S waves and the force components in P and S coordinates. The



operators L, Ly and V are

L [M ( 10 ) . ( 0,70, + 0.0, Du(y — 2p)0. + 0.0, )] |
01 0. (v — 21) 0y + O, 0,70, + 0,10,
Lo — [/M2 ( L0 > n ( %005 + ko0 (Yo — 10)0:0: )
0 1 (V0 — #0)020=  po0; + Y007
a,w? + agdya,0, + $30,a,0, O, (ozan 263a,)0, + 530.a,0,
0.(ada, — 265a,)0; + 830,00,  a,w?® + ald,a,0, + B30,a,0, ] 7

VELO—L:[

where the quantities a, = p/po — 1, ay = v/v0 — 1, a,, = pt/po — 1 are defined in terms of the
bulk modulus, shear modulus and density (7o, fo, po, 7, i, p) in the reference and actual

media, respectively.

The forward problem is found from the identity equation 3 and the elastic wave equation 11

(in PS coordinates) as

~

G — Gy = GoVGo+ GVGoV Gy +.
DFP  DPS GOP 0 VPP y/PS GOP 0
pse pss |~ g s /'SP {rss 0 Gs
P 7PP Y;PS P 7PP Y;PS P
( 6 ¢ )(V YSS>(GO 0)(V YSS)(GO 0) (12
GS VsP oy 0 G5 VsP oy 0 G

and the inverse solution, equations 8-10, for the elastic equation 11 is
DFP  DPS _ GY(I]D 0 ‘71PP les G(J]D 0
DSP DSS 0 Gg ‘/ISP ‘/ISS 0 GOS ’
G 0\ [V VS (GE o
0 Gg ‘/25P ‘/255 0 Gg
- G(J]D 0 VIPP les G(J; 0 VIPP ‘71PS @(1)3 0 (13)
0 G«OS ‘715P f/lss 0 éos ‘715P f/lss 0 Gg g

where VPP VP P +VP s VP P4 .. and any one of the four matrix elements of V' requires

DFP  DPS
DSP DSs |-

the four components of the data



In summary, from equation 12, DPP can be determined in terms of the four elements of V
and VPP , VPs , vsP , Or Vss require the four components of D. That’s what the general
relationship G = Gg + GoV G requires, i.e., a direct non-linear inverse solution is a solution

order-by-order in the four matrix elements of D (in 2D).

2.4 Direct inverse and indirect inverse

The direct solution is not iterative linear inversion. Iterative linear inversion starts with
equation 8. We solve for V] and change the reference medium iteratively. The new differential

operator L and the new reference medium Gy, satisfy
Ly=Lo—V, and LGy =6. (14)
Through the same equation 8 with different reference background
GoViGy = D' = (G = Go)ms, (15)

where V/ is the portion of V' linear in the data (G — G{))ms. We can continually update
Lj and Gy, and finally solve for the perturbation operator V. The direct inverse solution
equations 7 and 13 calls for a single unchanged reference medium, for computing Vi, V5, . ..
For a homogeneous reference medium they are obtained by an analytic inverse. The inverse
to find V; from data, is the same inverse to find V5, V3, ..., from equations 8-10. There are
no numerical inverses, no generalized inverses, no inverses of matrices that contain noisy
bandlimited data.

The difference between iterative linear and the direct inverse of equation 13 is much more
substantive and serious than merely a different way to solve GoV1Goy = D, equation 8, for V;.
If equation 8 is our entire basic theory, you can mistakenly think that DF? = GEVPPGE
is sufficient to update DPP = GIPV/FPPGIF. This step loses contact with and violates the
basic operator identity G = Gy + GV G for the elastic wave equation. That’s as serious as
considering problems involving a right triangle and violating the Pythagorean theorem in
your method. That is, iteratively updating PP data with an elastic model violates the basic
relationship between changes in a medium, V' and changes in the wavefield, G — G for the

simplest elastic earth model.



This direct inverse method provides a platform for amplitude analysis, AVO and FWI. It
communicates when a "FWI” method should work, in principle. Iteratively inverting multi-
component data has the correct data but doesn’t corresponds to a direct inverse algorithm.
To honor G = Gy + GyV G, you need both the data and the algorithm that direct inverse
prescribes. Not recognizing the message that an operator identity and the elastic wave
equation unequivocally communicate is a fundamental and significant contribution to the
gap in effectiveness in current AVO and FWI method and application (equation 13). This
analysis generalizes to 3D with P, S}, and S, data.

There’s a role for direct and indirect methods in practical real world applications. Indirect
methods are to be called upon for recognizing that the world is more complicated than the
physics that we assume in our models and methods. For the part of the world that you are
capturing in your model (and methods) nothing compares to direct methods for clarity and
effectiveness. An optimal indirect method would seek to satisfy a cost function that derives
from a property of the direct method. In that way the indirect and direct method would be
aligned and cooperative for accommodating the part of the world described by your physical

model and the part that is outside.

2.5 The operator identity in a 1D acoustic medium

Considering a simple 1D case, the model consists of two half-spaces with acoustic velocities
co and ¢; and an interface located at z = a as shown in Figure 1. If we put the source and

receiver on the surface, the pressure wave P(t) = R(t — 2a/co) will be recorded, where the

c1—¢o

reflection coefficient R =
c1+co

. Without considering the imaging issue, R is the only input to
the ISS and the iterative inversion methods. Choosing an acoustic whole-space with velocity

co as the reference medium, the perturbation V' (Weglein et al., 2003) can be expanded as

Vi(z) = o c_3< - %) = kya(z), (16)

where w is the angular frequency, ¢(z) is the local acoustic velocity, kg = w/co, and a(z) =

1 - Cfc(% Depending on V', a(z) can be expanded as a series in terms of data, «a(z) =

a1(2) + aa(z) + as(z) + - - - . Thus, we have
Vi=kjan, Vo=hias, oo (17)
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Incidence wave | ~

o

¢
Figure 1: 1D acoustic model with velocities ¢y over ¢,

From the inverse scattering series (Equations 8-10), Shaw et al. (2004) isolated the leading

order imaging subseries and the direct non-linear inversion subseries.

In this section, we will focus on studying the convergence properties of the ISS inversion
subseries. The inversion only terms isolated from the inverse scattering series (Zhang, 2006;

Li, 2011) are X ;
a(z) = ai(z) — 504%(2:) + Eoﬁ{’(z’) e (18)

For a 1D normal incidence case, we invert G of the linear equation (8) and obtain,
ap(z) = 4/Z D(2")d7, (19)
where 2’ = ¢ot/2. Inserting data D gives
a; = 4R, (20)

when z > a, where the reflection coefficient R = £2. Substituting a; into equation (18),

the ISS direct non-linear inversion subseries in terms of R can be written as

a=4R—8R*+12R*+--- =4R> (n+1)(-R)". (21)
n=0

After solving for «, the inverted velocity ¢(z) can be obtained through ¢; = ¢y/v/1 — «
(equation 16).
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Considering the convergence property of the series for o or the inversion subseries, we can

calculate the ratio test,

an (n+1)(=R)" | |n+1 |
If lim |“=| < 1, this subseries converges absolutely. That is
n—o0 n
n+1
Rl < 1i =1. 23

Therefore, the ISS direct non-linear inversion subseries converges when the reflection coef-
ficient |R| is less than 1, which is always true. Hence, for this example, the ISS inversion

subseries will converge under any velocity contrasts between the two media.

For the iterative linear inversion, we will update the reference velocity ¢, = ¢o/+/1 — aq by

using «; = 4R. Then, the new linear inversion velocity is calculated by o} = 4R’ where

R = 2%? The same procedure will be applied iteratively until we achieve the final inversion
0

result.

3 Numerical examples for the 1D acoustic case

Numerical examples for the 1D acoustic medium case are shown in this section. First, an
analytic example for the rate of convergence of the ISS inversion subseries is examined and
studied for a 1D normal incidence case. Second, the convergence of the ISS direct inversion

and iterative inversion are examined and compared.

3.1 Analytic example

The rate of convergence of the estimated « or the ISS inversion subseries (equation 21)
is analytically examined and studied for a 1D normal incidence case. Since « is always

convergent when R < 1, the summation of this subseries (Zhang, 2006) is

= . 1
a=4R> (n+1)(-R)" = 4Rm. (24)

n=0
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If the error between the estimated and the actual « is monotonically decreasing, it means
the subseries is a term-by-term added value improvement towards determining the actual
medium properties. If this error is increasing before decreasing, it means that the estimation
becomes worse before it gets better. In fact, locally worse is purposeful and essential in the
contribution towards convergence and the final goal. In other words, the error for the first

order and the error for the second order have the relation,

la —ay — as] > |a— oy, (25)
ie.,
3R% 4+ 2R3 —R?>—-2R
AR————— | > 4R———|. 26
| (1+R)2’ | (1+R)2’ (26)
After simplification, it gives
R’+R—-1>0. (27)
We can solve it and obtain the reflection coefficient R < _1;‘/5 = —1618 or R > #g

= 0.618. Therefore, when R > 0.618, the error increases first. Similarly, if the error for the
third order is greater than that for the second order, we get R > 0.667. If the error for the
fourth order is greater than that for the third order, we obtain R > 0.721. In summary,
when R > 0.618 the error increases and the estimated a gets worse before getting better.
The dashed green line in Figure 2 shows that when the reflection coefficient R is equal to
0.618, the error for the first order is equal to the error for the second order. The detail of

the numerical tests will be discussed in the next section.

3.2 Numerical tests

In this section, we will examine the convergence property and the rate of convergence of «
by using the ISS inversion subseries (equation 21) and the iterative linear inversion methods
for the velocity contrast in the 1D acoustic case. In addition, the inversion results by these

two methods are discussed and compared.

In the simple 1D model (Figure 1), only one parameter (velocity) varies and a plane wave
propagates into the medium. There is only a single reflector and we assume the velocity is

known above the reflector and unknown below the reflector. We will examine and compare
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Figure 2: The error (dashed green line) of estimated o at R = 0.6180 and a = 0.9443.

the convergence of the perturbation o and the inversion results by using the ISS direct non-
linear method and the iterative linear method. In this model, we set the reference velocity

co = 1500m /s and lower half space velocity ¢; = 2000m/s.

Figure 3 shows the estimated a by the ISS method (green line) and the iterative inversion
method (blue line). The red line represents the actual « that is calculated from our model.
The horizontal axis represents the order of the ISS inversion subseries or the iteration num-
bers. The vertical axis shows the value of o. From the estimated «, it can be seen that at the
small velocity contrast, the estimated a by ISS method becomes the actual « after about five
orders calculation and the estimated « by the iterative inversion method goes to zero as we
expected, because after several iteration, the updated model is close to and approaching to
the actual model. Figure 4 represents the velocity estimation. We can see that both methods
converge and produce correct velocity after five orders or iterations. From both Figures 3
and 4, we can see that both methods converge very fast at the small velocity contrast and

the ISS method converge faster than the iterative inversion method.
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Figure 3: The estimated o at R = 0.1429: The horizontal axis is the order of the ISS suberies
or the iteration numbers, and the vertical axis shows the value of a. The red line shows the
actual value of & = 0.4375. The green and blue lines show the estimations of a by using the

ISS inversion method and the iterative inversion method.

When the velocity contrast is getting bigger, the iterative inversion method can not be
computable in this example, but the ISS inversion method always converges and produces

correct results (see green line in Figures 5) after the summation of more orders of a.

From the dashed green line in Figures 3 and 5, at the small contrasts, the error between the
estimated and the actual « is monotonically decreasing, in other words, the estimation of «
is always a term-by-term added value improvement towards determine c;; when the contrast
increasing (Figure 2), the error is not monotonic. The estimation of o can be worse before
it gets better. However, when it starts to add value, it is getting better when each further

term is added to the series.

As the analytic calculation, when the reflection coefficient R is smaller than 0.618, this

inversion subseries gives a monotonically term-by-term added value improvement towards
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Figure 4: The estimated velocity by using the ISS inversion method (green line) and the

iterative inversion method (blue line).

determining c¢;. When the reflection coefficient R is equal to 0.618, the error becomes flat
as shown in Figure 2. When the reflection coefficient is larger than 0.618, the series still
converges, but the estimation of a will become worse before it gets better. From the analytic
and numerical examples, we can see that each term in the series works towards the final goal.
Sometimes when more terms in the series are included, the estimation looks worse locally,
but once it starts to improve the estimation at a specific order, the approximations never

become worse again, every single term after that order will produce an improved estimation.

As we know, the reflection coefficient R is almost always less than 0.2 in practice, so that
both the ISS method and the iterative method converge, but the ISS method converges
faster than the iterative method. Moreover, for more complicated circumstances (e.g., the
elastic non-normal incidence case), the difference between the ISS method and the iterative
is much greater, not just on the algorithms, but also on data requirements and on how the

band-limited noisy nature of the seismic data impact the inverse operators in the iterative
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Figure 5: The estimated « at ¢; = 4500m/s and R = 0.5000 by using the ISS inversion
method.

method but not in the ISS method.

4 Conclusions

In this report, we discuss a direct inverse method, which is derived from the operator identity
that relates the change in a medium’s properties and the commensurate change in the wave-
field. We describe the direct inversion algorithm for parameter estimation (ISS subseries)
and its data requirements. In a specific 1D acoustic medium, we examine and compare the
ISS direct non-linear inversion and the iterative inversion for parameter estimation across
a single horizontal reflector, where the velocity is assumed to be known above the reflector
and unknown below the reflector. The rate of convergence of the ISS inversion method is
analytically and numerically studied. From the analytic example, we show that when the

reflection coefficient R < 0.618, the ISS inversion subseries is a term-by-term improvement
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towards determining medium properties; when R > 0.618, the inversion subseries still con-
verges, but the estimation will locally be less accurate before it converges. Numerical results
show that when the velocity contrast is small, i.e., the reflection coefficient is small, both
inversion methods converge and the ISS inversion method converges faster than the iterative
inversion method. When velocity contrast increases, the reflection coefficient gets larger,
the iterative inversion method can not be computable and the ISS inversion method always
converges. Hence, for the simplest situation, the iterative linear inversion is not equivalent to
the direct non-linear solution provided by the inverse scattering series. For more complicated
circumstances (e.g., the elastic non-normal incidence case), the difference is much greater,
not just on the algorithms, but also on data requirements and on how the band-limited noisy
nature of the seismic data impact the inverse operators in iterative linear inversion but not

in the ISS direct inversion.
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